Abstract The author, motivated by his results on Hermitian metric rigidity, conjectured in [4] that a proper holomorphic mapping f : Ω → Ω from an irreducible bounded symmetric domain Ω of rank ≥ 2 into a bounded symmetric domain Ω is necessarily totally geodesic provided that r := rank(Ω ) ≤ rank(Ω) := r. The Conjecture was resolved in the affirmative by I.-H. Tsai [8]. When the hypothesis r ≤ r is removed, the structure of proper holomorphic maps f : Ω → Ω is far from being understood, and the complexity in studying such maps depends very much on the difference r − r, which is called the rank defect. The only known nontrivial non-equidimensional structure theorems on proper holomorphic maps are due to Z.-H. Tu [10], in which a rigidity theorem was proven for certain pairs of classical domains of type I, which implies nonexistence theorems for other pairs of such domains. For both results the rank defect is equal to 1, and a generalization of the rigidity result to cases of higher rank defects along the line of arguments of [10] has so far been inaccessible. In this article, the author produces nonexistence results for infinite series of pairs of (Ω, Ω ) of irreducible bounded symmetric domains of type I in which the rank defect is an arbitrarily prescribed positive integer. Such nonexistence results are obtained by exploiting the geometry of characteristic symmetric subspaces as introduced by N. Mok and I.-H Tsai [6] and more generally invariantly geodesic subspaces as formalized in [8]. Our nonexistence results motivate the formulation of questions on proper holomorphic maps in the non-equirank case.
Introduction
E. Cartan introduced series of irreducible domains which are now known as classical domains. They break down into four infinite series. On top of these series, it was later found that there are two additional irreducible bounded symmetric domains pertaining to exceptional Lie groups. Any bounded symmetric domain admits a canonical bounded realization given by the HarishChandra embedding, and in the case of the classical domains the canonical bounded realizations agree with those given by E. Cartan.
Bounded symmetric domains and their compact quotients and more generally quotients of finite volume with respect to canonical metrics are objects of study with a vast literature. From the geometric perspective one central theme is the notion of rigidity. In this direction, Y.-T. Siu [7] discovered the ∂∂-Bochner-Kodaira formula and applied it to study the strong rigidity of compact quotients of irreducible bounded symmetric domains. For holomorphic mappings, by the work of N. Mok [3] on Hermitian metric rigidity, it follows that a nonconstant holomorphic mapping f : X → X between quotients of irreducible bounded symmetric domains must be totally geodesic, provided that the domain manifold X is of rank ≥ 2 and of finite volume. If the domain manifold X is compact and the homomorphism f * : π 1 (X) → π 1 (X ) is injective, then the lifted holomorphic map F : Ω → Ω on uniformizing bounded symmetric domains is a proper holomorphic map. Motivated in part by Hermitian metric rigidity, the author formulated a conjecture in [4, Chapter 6, (5.3)] according to which any proper holomorphic mapping f : Ω → Ω between bounded symmetric domains is necessarily totally geodesic provided that Ω is irreducible and of rank ≥ 2, and rank(Ω ) ≤ rank(Ω). The Conjecture was resolved in the affirmative by I.-H. Tsai [8] .
In what follows, we restrict our attention to the case of proper holomorphic maps defined on irreducible bounded symmetric domains Ω of rank ≥ 2. After the work of I.-H. Tsai [8] it remains to understand proper holomorphic maps f : Ω → Ω , where r := rank(Ω) < rank(Ω ) := r . We will call this the non-equirank case, and the difference r − r will be called the rank defect. In the non-equirank case, the only known rigidity result so far is that of Z.-H. Tu [10] , where he found examples of Cartan domains Ω, Ω of type I where any proper holomorphic map f : Ω → Ω is necessarily totally geodesic. In this infinite series of examples, the rank defect is always equal to 1. From such a rigidity result Tu deduced also some nonexistence results for proper holomorphic maps f : Ω → Ω where Ω and Ω are again Cartan domains of type I, and where the rank defect is also 1.
In this article, we examine further nonexistence results for proper holomorphic maps f : Ω → Ω , where to focus on the discussion we will restrict ourselves to Cartan domains of type I. We will show in this context that there are nonexistence results generalizing those of Z.-H. Tu [10] in which the rank defect is arbitrarily large. More precisely, given any positive integer , we prove that there exist infinite series of pairs of Cartan domains (Ω, Ω ) of type I such that 2 ≤ rank(Ω) < rank(Ω ), and such that the rank defect is equal to , for which there exists no proper holomorphic mapping f : Ω → Ω . The main tool of our argument goes back to the use of characteristic symmetric subspaces of N. and invariantly geodesic subspaces as formulated in [8] , and a study of meromorphic maps on moduli spaces of such subspaces induced from f : Ω → Ω . The complexity in the study of proper holomorphic maps in the non-equirank cases increases with the rank defect, and our nonexistence result also serves to motivate a search for rigidity results with arbitrarily large rank defects.
Background Notions and Results

2.1
Let (X 0 , g 0 ) be an irreducible Hermitian symmetric space of the noncompact type and (X c , g c ) be its dual Hermitian symmetric space of the compact type. Write X 0 = G 0 /K, X c = G c /K, where G 0 resp. G c is the identity component of the isometry group of (X 0 , g 0 ) resp. (X c , g c ), and K ⊂ G 0 resp. K ⊂ G c is an isotropy subgroup at any reference point 0 ∈ X 0 resp. 0 ∈ X c . By a minimal characteristic vector we mean a nonzero highest weight vector of the isotropy representation of K on T 0 (X 0 ) resp. T 0 (X c ). In [6], we introduced
